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ABSTRACT 
A t heo ry  is formulated f o r  the  bending  deformat ion  of a 
c y l i n d r i c a l ,  p r e s s u r i z e d  f iber s h e l l ,  i n c l u d i n g  t h e  effects of 
f iber s l ippage .   Th i s   t ype  of s t r u c t u r e  is representat ive for  
p re s su re  cons t r a in t  componen t s  of space s u i t s .  
S p e c i a l  c o n s i d e r a t i o n  i s  g iven  t o  the  filament-wound  and 
l i n k e d - f i b e r  t u b e  i n  t h e  p o s t s l i p  p h a s e  of bending,  a l though 
any type of k n o t s  o r  f i x e d  f iber nodes are p e r m i t t e d  i n  t h e  
p re s l ip  phase .   Inex tens ib l e  fibers are  assumed  throughout. 
Ana ly t i ca l  fo rmulas  a re  de r ived  for  t h e  b e n d i n g  c h a r a c t e r i s t i c s ,  
i n c l u d i n g  b e n d i n g  s t i f f n e s s ,  i n  t h e  r a n g e  o f  sma l l  deformations,  
and   numer i ca l   r e su l t s  a r e  o b t a i n e d   f o r   l a r g e   d e f o r m a t i o n s .  The 
i d e a l i z e d  f r i c t i o n l e s s - f i b e r  t u b e  is  shown t o  be u n s t a b l e  i n  
bend ing .   Fo r   t he   f r i c t ion - s t ab i l i zed   t ube   cons t ruc t ed   f rom  pa i r s  
of l e f t - runn ing  and  r igh t - runn ing  f ibe r s ,  t he  e f f ec t  o f  t h e  
va r i ab le -mesh  pa ra l l e log ram in  the  p re s l ip  phase i s  t o  produce 
a wide  l inear  range  fo l lowed by  a r e l a t i v e l y  f l a t  moment c h a r a c t e r -  
i s t ic  f o r   l a r g e   b e n d i n g   a n g l e s .  The e f f e c t  of f iber s l i p p a g e  i s  
t o  produce a r a p i d  r e d u c t i o n  of the  bending  moment r e q u i r e d  f o r  
d e f o r m a t i o n  w i t h  u l t i m a t e  d e s t a b i l i z a t i o n  as the  bending  angle  
i n c r e a s e s .  
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Deformable f i b e r m e s h  s t r u c t u r e s  are r e q u i r e d  i n  the pres- 
s u r e  c o n s t r a i n t s  of " so f t "  space s u i t  components.  This report  
p r e s e n t s  t h e  a n a l y s i s  of a special type  o f  p re s su r i zed  fiber- 
mesh s t ruc ture .   The   undeformed  conf igura t ion  i s  assumed to  be 
a c i r cu la r  cy l inde r :  t he  de fo rma t ion  caused  by  bend ing  moment 
r e s u l t s  i n  a deformed s t a t e  cor responding  to a segment of a 
t o r u s .   S i n c e  large deformations are  c o n s i d e r e d ,   t h e   a n a l y s i s  
allows f o r  n o n c i r c u l a r  cross s e c t i o n .  To p e r m i t  t h e  a n a l y t i c a l  
s i m p l i f i c a t i o n  of ax ia l  symmetry,  end c o n s t r a i n t s  are  assumed 
t h a t  a l l o w  p l a n e  s e c t i o n s ,  i n i t i a l l y  p e r p e n d i c u l a r  t o  t h e  ax is  
of  the  cy l inder ,  to  remain  p lane  under  bending  deformat ion .  
However, t h e   s e c t i o n  may r o t a t e   t h r o u g h   l a r g e   a n g l e s .   T h i s  
assumption is no t  expec ted  to  be v a l i d  n e a r  t h e  ends  fo r  
r ea l i s t i c  end  cond i t ions ,  bu t  shou ld  be a good approximation over  
t h e  main p a r t  o f  t h e  s t r u c t u r e .  
The problem is formulated by analyzing a f a m i l y  o f  t o r o i d s ,  
segments of which  represent  a c y l i n d r i c a l  f iber  tube deformed by 
bending moments. The a n a l y s i s  is  b a s e d  o n  t h e  f i b e r - e q u i l i b r i u m  
model  used  previously ( R e f .  1). B a s i c a l l y ,   t h i s  model corresponds 
t o  a p a i r  of over ly ing  monot ropic  membranes i n  which the stress 
r e s u l t a n t s  c o m e  about  so le ly  f rom the  tens ion- loaded  inextens ib le  
f i b e r s .  I n  R e f e r e n c e  1 t h i s  model w a s  a p p l i e d  t o  t h e  c a s e  o f  
f r i c t i o n l e s s  n o n i n t e r a c t i n g  f ibers ;  i n  t h e  p r e s e n t  c a s e ,  w e  
i n c l u d e  t h e  e f f e c t  o f  i n t e r f i b e r  f r i c t i o n  a r i s i n g  f r o m  t h e  
tendency of t h e  f i b e r s  t o  s l i d e  o v e r  o n e  a n o t h e r  d u r i n g  b e n d i n g .  
A l l  t h e  g e o m e t r i c  p r o p e r t i e s  of t h e  s t r u c t u r e  a r e  made a v a i l a b l e  
as a r e s u l t  o f  t h i s  a n a l y s i s .  The v a r i o u s  members o f  t h e  f a m i l y  
o f  t o r o i d s  c o n s i d e r e d  t h e n  r e p r e s e n t  t h e  d i f f e r e n t  s t a g e s  of 
deformat ion   of  some o r i g i n a l  c y l i n d e r .  The pa r t i cu la r   s equence  
o f  t o ro ida l  s egmen t s  co r re spond ing  to  a g i v e n  i n i t i a l  c y l i n d r i c a l  
s l i p - n e t  are i d e n t i f i e d  b y  u s e  o f  t h e  f o l l o w i n g  c o n s t r a i n t s :  
1) F i l amen t   l eng th  - t h e  l e n g t h  o f  f iber i n  o n e  complete 
loop  wound about  t h e  cy l inde r  r ema ins  inva r i an t  unde r  
deformation.  
2)  Number of fibers - t h e  number of fibers c r o s s i n g  a 
g e n e r a t o r  of t h e  c y l i n d e r  i n  a d i s t ance  co r re spond ing  
t o  one fiber l o o p  is  invar ian t  under  deformat ion .  
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3 )  Closed- loop   f iber   curves  - t h e  c u r v a t u r e  o f  t h e  cross- 
s e c t i o n a l  c u r v e  of t h e  t o r o i d s  mus t  be f i n i t e  everywhere, 
since t h e  f i l a m e n t a r y  s h e l l  carries t h e  e n t i r e  s t r u c t u r a l  
l o a d ,  c o n s i s t i n g  o f  end-moment and i n t e r n a l  p r e s s u r e .  
4)  Pressure-volume  re la t ion  - t h e   p r e s s u r i z i n g   g a s   ( o r   l i q u i d )  
is  s u b j e c t  t o  a thermodynamic  equat ion  of   s ta te .  Nor- 
m a l l y ,   t h e   a d i a b a t i c   r e l a t i o n  (pV = c o n s t a n t )  is appro- 
p r i a t e  ( p  = p r e s s u r e ,  V = volume).  For a very s l o w  
p rocess ,   t he   i so the rma l  l a w  (pV = c o n s t a n t )  i s  t h e  
c o r r e c t   e q u i l i b r i u m   c o n d i t i o n .   A l t e r n a t i v e l y ,   t h e  
tube  may be connected  to  a l a r g e  reservoir, in  which  
case t h e  i s o b a r i c  r e l a t i o n  ( p  = c o n s t a n t )  is app l i cab le .  
Y 
Apply ing  these  cons t r a in t s  t o  t h e  s o l u t i o n  r e s u l t i n g  f r o m  t h e  
f i b e r - e q u i l i b r i u m  a n a l y s i s ,  a one-parameter family of toroids 
i s  ob ta ined ,  co r re spond ing  to  the  va r ious  de ro rmed  s t a t e s ,  
u n d e r  b e n d i n g ,  o f  t h e  o r i g i n a l  c y l i n d r i c a l  f i b e r  s h e l l .  
I n  t h e  f o l l o w i n g  a n a l y s i s ,  t w o  d i s t i n c t  s t a t e s  o f  b e n d i n g  
a re   d i s t i ngu i shed :   ( a )   p re s l ip   de fo rma t ion   and  (b) p o s t s l i p  
deformation. The d i s t i n c t i o n  i s  t h a t  t h e  p r e s l i p  s t a t e  o f  
bending is  c h a r a c t e r i z e d  b y  s u c h  l a r g e  f r i c t i o n  (or  small  
bending moment) t h a t  t h e  o v e r l a p p i n g  fibers cannot  s l i de .  The 
e l emen ta l  l eng ths  of the  two-f iber  mesh pa t t e rn  then  r ema in  
inva r i an t ,  t he  de fo rma t ion  a r i s ing  th rough  “ shea r”  o f  t he  
e lementa l  f iber p a t t e r n  a s  a k inemat ic   l inkage .  On t h e  o t h e r  
hand, a t h r e e - f i b e r  mesh c o n s t i t u t e s  a s t r u c t u r e ,  and  deformation 
resu l t s  only  from  extension of t h e  f i b e r s .  The p o s t s l i p  s t a t e  
of  bending is  c h a r a c t e r i z e d  b y  t h e  f i b e r s  s l i d i n g  o v e r  e a c h  
o t h e r  w i t h  c o n s t a n t  s l i d i n g  f r i c t i o n :  t h e  e l e m e n t a l  l e n g t h s  
o f  t h e  f i b e r  p a t t e r n  a r e  no longe r   i nva r i an t .*  By choosing 
d i s t i n c t  v a l u e s  o f  s t a r t i n g  f r i c t i o n  and s l i d i n g  f r i c t i o n ,  a 
h y s t e r e s i s  p a t t e r n  o f  t h e  d e f o r m a t i o n  h i s t o r y  c a n  be obta ined .  
One a p p l i c a t i o n  of the theory developed here is  t o  t h e  
“ s l ip -ne t”   s t ruc tu re ,   i nven ted   by  A. C.  Kyser. The s l i p - n e t  
is  a f i l amen ta ry  p re s su re  vessel cons t ruc t ed  in  such  a way t h a t  
t h e  l o a d - c a r r y i n g  f i b e r s  a r e  f ree  t o  s l i p  over one  another  wi th  
*Th i s  mode l  has  the  obv ious  ana logy  o f  pe r fec t ly  p l a s t i c  f low 
(Prager and Hodge, R e f .  2) - 
2 
small  friction,  thus  permitting  large  bending  deformations  with 
very low  stiffness and restoring  moment.  Discussion and some 
applications  of  these  structures  are  given in Reference 3. 
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EQUILIBRIUM CONDITIONS  FOR  FIBER  NODES 
The main pa r t  of o u r  d i s c u s s i o n  w i l l  be r e s t r i c t e d  t o  a 
two-fiber  model: t h a t  is ,  e a c h  f i b e r  n o d e  r e p r e s e n t s  t h e  i n t e r -  
s e c t i o n  of o n l y  two fibers forming a symmetr ic  pa t te rn  of  left-  
running   and   r igh t - running   f i l aments .   The  case o f  a t h r e e - f i b e r  
s h e l l  is t r e a t e d  i n  a l a t e r  s e c t i o n .  W e  consider  an  axisymmetric 
s t r u c t u r e  l o a d e d  o n l y  b y  i n t e r n a l  p r e s s u r e  and i n t e r f i b e r  f o r c e s  
(see F igures  1 and 2. ) 
Consider  a c o n t r o l  s u r f a c e  a b o u t  a r e p r e s e n t a t i v e  f i b e r  node. 
T h i s  s u r f a c e  c u t s  t h e  f ibers  halfway  between  adjacent  nodes.  The 
fibers l i e  a t  an   angle ,  b , r e l a t i v e   t o   t h e   m e r i d i a n   c u r v e s   o n  
t h e  s h e l l  o f  r e v o l u t i o n  a s  shown i n  F i g u r e  2.  Then equ i l ib r ium 
o f  f o r c e s  o n  t h e  c o n t r o l  surface i n  t h e  d i r e c t i o n  p a r a l l e l  t o  
t h e  t a n g e n t  t o  t h e  m e r i d i a n  c u r v e  a t  t h e  f i b e r  node is expressed 
by  the  equa t ion  
where T is t h e  f iber  t e n s i o n  and 6 8  t h e  angle   between  rays ,  
on   the   t angent   cone ,   pass ing   th rough  ad jacent   nodes .   For  a 
d e n s e   f i b e r   p a t t e r n ,  6T , 6 B , and 6 8  a r e  a l l  smal l  and w i l l  
be r e g a r d e d  a s  d i f f e r e n t i a l s .  Then the   above   equi l ibr ium equa-  
t i o n  becomes 
Now denote   by 64 t h e   l e n g t h   o f  f iber between  odes. A l s o  l e t  
r be t h e  r a d i u s  t o  t h e  s h e l l  s u r f a c e  a t  the  node  measured  from 
t h e  axis  of r e v o l u t i o n   o f   t h e  deformed s h e l l   ( t o r u s ) .  Then 6 r  
r ep resen t s  t he  inc remen ta l  r ad ius  be tween  nodes ,  and w e  have 
7 
6 8  = - - 6 r t a n @  
r 
With t h i s  resul t ,  Equation 1 becomes 
This  equat ion  can  be e x p r e s s e d  i n  t h e  simpler form 
d dT - ( T r  s i n @ )  = r - C S C B  
d r   d r  
C l e a r l y  t h e  i s o t e n s o i d  f i b e r  s h e l l  ( T  = cons tan t )  cor responds  to  
t h e   g e o d e s i c   c o n d i t i o n ,  r s i n @  = c o n s t a n t ,  derived p rev ious ly  
(Refs.  1 and 3 ) .  
Now denote  a t o  be the   ang le   be tween   t he  axis  o f   r e v o l u t i o n  
and t h e  t a n g e n t  t o  the  mer id i an  cu rve ,  a s  shown i n  F i g u r e  1. 
The f i b e r  force p a r a l l e l  t o  the  z -ax i s  a t  r a d i u s ,  r , is  
n  T cosp cosa  
where n is t h e  t o t a l  number o f   f i be r s ,   bo th   r i gh t - runn ing   and  
l e f t - runn ing ,  c ros s ing  the  c i r cumfe rence  o f  t he  to ro ida l  she l l .  
Then c o n s i d e r i n g  a n  a n n u l a r  r e g i o n  o f  t h e  s h e l l  o f  r a d i a l  d e p t h ,  
d r  , t h e  e q u i l i b r i u m  c o n d i t i o n  p a r a l l e l  t o  t h e  z-axis i s  
(T cosb cosu 27-r d r  P r  
where p is t h e   p r e s s u r e   d i f f e r e n c e   a c r o s s   t h e   s h e l l .   E q u a t i o n s  
3 and 4 c o n s t i t u t e  t w o  equa t ions  for t h e  t h r e e  unknowns T , a , 
and B . The t h i r d  e q u a t i o n  i s  ob ta ined   by   cons ide r ing   t he  
geometric c o n s t r a i n t  imposed by a n o n - s l i d i n g  f i b e r  mesh. 
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The i n i t i a l  undeformed mesh is  composed o f  fibers i n  two  
contrawound families.  The  elemental  mesh conf igura t ion ,   then ,  is 
a paral le logram, and the deformed elemental mesh is a parallelo- 
gram h a v i n g  t h e  same fiber l e n g t h s  b u t  varying diagonals .  The 
c i r c u m f e r e n t i a l   d i a g o n a l   h a s   l e n g t h  4n r /n  , and a l so  2 6C s i n 6  , 
b y   d e f i n i t i o n   o f  i j  Here 64 is the   d i s tance   be tween  a .d jacent  
fibers, measured  along a fiber of   opposi te   family.   Equat ing 
t h e s e  t w o  e x p r e s s i o n s  y i e l d s  
r CSCB = - n 2n 644 ( 5 )  
Since  6& is  c o n s t a n t   o v e r   t h e   s u r f a c e  of t h e   c y l i n d r i c a l  s l i p -  
n e t ,  t h e  g e o m e t r i c a l  c o n s t r a i n t  i n  t h e  p r e s l i p  d e f o r m e d  s t a t e  is  
j u s t  
r C S C B  = - = c o n s t a n t  
C 
where r is  t h e  maximum s h e l l   r a d i u s  and c = sinBl is  t h e  
fiber a n g l e   e v a l u a t e d   a t  r Equation 6 replaces t h e  g e o d e s i c  
cond i t ion ,  r s inB = c o n s t a n t  , t h a t   h o l d s   f o r   t h e   i s o t e n s o i d  
s t r u c t u r e .  
1 
1 '  
U t i l i z i n g  E q u a t i o n  6 in  the  fo rm 
s i n @  = c R  (7) 
where R is  non-dimensional  radius (r /r  ) ,  w e  can now i n t e g r a t e  
Equation 3 immediately t o  o b t a i n  
1 
2 l - c  (k) = 1 - c2 R 2 
The  angle ,  a , is now determined  by in t eg ra t ing  Equa t ion  4. 
Deno t ing   t he   p re s su re  parameter, K , as 
9 
K =  I n T  1 
and  requi r ing  a = 0 fo r  r = r , w e  f i n d  1 
from which 
1 
s i n a  = d E 2  - '(1 4 - R2)] (1 - c2 R2) - c2 (1 - c2)/' 
1 - c  
L 
2 
I n  fac tored   form,   wi th  x = R I 
where 
X 
2 ,  3 
s ina  = Kc 
2 ( 1  - c2) d p 3  
- x) (1 - x) (x - x 2 )  






- - + 
2 
1 - c  
2 c  
2 
C l e a r l y   b o t h   r o o t s  x and x a r e   r e a l .  The r o o t ,  x 
is chosen   to   cor respond  to  a = IT (minimum r a d i u s   o f   t o r u s ) .  
The fo l lowing  cond i t ions  on  the  roo t s  can  be proven: 
2 3 21 
TYPE A: 1 
2 





T h i s   o r d e r   o f  x2 , x , x3 fol lows  f rom  Equat ion 11 so t h a t  s i n a  
is real .  c l e a r l y  i n  Type B x is t h e  maximum r a d i u s ,  so t h a t  3 
by r e s c a l i n g  r t h e  s o l u t i o n s  of Type B can be s c a l e d  i n t o  
t h o s e  o f  Type A .  Henceforth w e  c o n s i d e r  o n l y  Type A . *  
1 '  
A fo rmula   fo r   va lues  of K f o r   g i v e n  x = R is ob ta ined  2 min 
from  Equation 10  b y  s e t t i n g  c o s a  = - 1 : 
K =  
1 - c  min min  
Consequen t ly ,  fo r  c losed - loop  to ro ids  K > 2 d l  - c2 (1 + 4 1  - c2).  
A l s o ,  n o t e   t h a t   r e a l   v a l u e s  of K a r e   o b t a i n e d   f o r  any R min i n  
t h e   r a n g e  0 - < R min - < 1 . This  i s  i n  c o n t r a s t  t o  t h e  c a s e  o f  
t o r o i d a l  i s o t e n s o i d s ,  f o r  w h i c h  c - < R  min - < 1 .  
Most of  the formulas  above were de r ived  subject t o  t h e  mesh 
cons t r a in t   g iven   by   Equa t ion  6. S i n c e  t h i s  c o n s t r a i n t  h o l d s  o n l y  
i f  t h e  f ibers  do n o t  s l i p ,  t h e  r a n g e  o f  a p p l i c a b i l i t y  o f  t h e s e  
formulas  is  d e t e r m i n e d  b y  t h e  c o n d i t i o n  o f  i n c i p i e n t  s l i p .  T h i s  
c o n d i t i o n ,  i n  t u r n ,  d e p e n d s  o n  t h e  c o n f i g u r a t i o n  o f  t h e  f ibers 
a t  the  node.  W e  s h a l l   c o n s i d e r  two types  of f iber mesh: t h e  
mesh cons t ruc ted  by  winding  fibers con t inuous ly  a long  the  tube  
and t h e  mesh c o n s t r u c t e d  b y  l i n k i n g  fibers such  tha t  any  con t inuous  
fiber a l t e r n a t e s  b a c k  a n d  f o r t h  a s  it passes around the tube.  
These mesh t y p e s  may be regarded as degene ra t e  cases  of more 
gene ra l  kno t t ed  nodes .  
*A t h i r d   t y p e   o f   o r d e r i n g  exis ts  for   which  x < x < 1 < x w i t h  
K < c / 1 - c . However ,   c losed- loop   to ro ids   a re   no t  possible 
u n d e r  t h i s  c o n d i t i o n .  
2 2 2 3 
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Fi r s t   cons ide r   t he   f i l amen t -wound   t ube .  The f o r c e s  a c t i n g  
i n  t h e  t a n g e n t  p l a n e  o n  a s i n g l e  c o n t i n u o u s  fiber (see Fig. 3) 
are t h e  fiber t e n s i o n  a n d  t h e  f r i c t i o n a l  i n t e r a c t i o n  force. L e t  
F '  d e n o t e  t h e  f r i c t i o n a l  force per u n i t  l e n g t h  o f  fiber. Symmetry 
r e q u i r e s  t h a t  F' ac t  i n  t h e  d i r e c t i o n  p e r p e n d i c u l a r  t o  the  merid-  
ian  plane.   Consequent ly  
Aga in  t r ea t ing  t h e  i n c r e m e n t a l  q u a n t i t i e s  a s  d i f f e r e n t i a l s ,  a n d  
making use of Equation 2 and t h e  g e o m e t r i c  r e l a t i o n s h i p  
w e  f i n d  r F '  = - [% (Tr sinp)] cosg s i n a  
Ut i l i z ing  Equa t ion  3 
dT 
" F' t anp  csca 
d r  
" 
The f r i c t i o n a l  f o r c e ,  F' , is assumed  to  be p r o p o r t i o n a l   t o  
t he  no rma l  fo rce  suppor t ed  by  the  f ibe r ,  due  to  p re s su re  load ing .  
For a f i b e r   o f   l e n g t h ,  64 , t h e  t o t a l  f i b e r  l e n g t h  f o r  a complete 
annulus is n6.e . The s u r f a c e   a r e a  of the   annu lus  is  2Rr6 .e  cosp . 
Hence the  no rma l  fo rce  suppor t ed  pe r  un i t  l eng th  o f  each  f ibe r  is 
2npr cosB 
n 
Thus w e  f i n d  t h e  l i m i t i n g  f r i c t i o n a l  i n t e r a c t i o n  f o r c e  is 
2npr cosB 
F i i m  - n = +  f 
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where f is t h e   f r i c t i o n  coefficient. R e c a l l i n g   t h e   d e f i n i t i o n  
of K by  Equation 9, t h e  n o - s l i p  c o n d i t i o n  t h e n  r e s u l t s  f r o m  
Equat ions 17 and 18 a s  
Taken as  an  equa l i ty ,  Equa t ion  19 se rves  a s  an  equ i l ib r ium equa -  
t i o n  f o r  t h e  p o s t s l i p  a n a l y s i s ,  r e p l a c i n g  t h e  n o - s l i p  mesh con- 
s t r a i n t ,   E q u a t i o n  6. If t h e  mesh h a s   n o t   s l i p p e d   l o c a l l y ,   t h e  
d e r i v a t i v e  o f  t h e  t e n s i o n  c a n  be evaluated  from  Equation 8. I n  
t h i s  way, Equations 1 7  and 18 y i e l d  
s i n a  < fKR 4 - 2 cos  i3 
2 c ( l  - c ) 
A v a l u e  o f  o n e  f o r  t h i s  r a t i o  i s  t h e  c o n d i t i o n  f o r  i n c i p i e n t  s l i p .  
Now c o n s i d e r   t h e   l i n k e d - f i b e r   t u b e  (see Fig. 4 ) .  The i n t e r -  
fiber node  force ,  a c t s  i n  t h e  d i r e c t i o n  p e r p e n d i c u l a r  t o  
the meridian plane,  by symmetry,  and e x i s t s  i n  t h i s  c a s e  e v e n  
f o r   f r i c t i o n l e s s  fibers. I t  has   t he   va lue  
FN 
The incrementa l   t ens ion ,  6T , across   the   node  is  sus t a ined  by 
t h e  f r i c t i o n a l  d r a g  b e t w e e n  t h e  l i n k e d  f i b e r s ,  p r o p o r t i o n a l  t o  
FN . Hence f o r   i n c i p i e n t   s l i p  
where f is t h e   f r i c t i o n   c o e f f i c i e n t  for  t h e  fibers. Again w e  
c o n c l u d e  t h a t  t h e  f r i c t i o n l e s s  f iber s t r u c t u r e  is an  i so t enso id ,  
and t h a t  t h e  f i b e r  g e o m e t r y  and shape of mer id i an  cu rve  a re  
i d e n t i c a l  f o r  the  f r i c t ion le s s  f i l amen t -wound  she l l  and  the  
13 
f r i c t i o n l e s s   l i n k e d - f i b e r   s h e l l .  However, i n  t h e  e v e n t  of f iber 
slippage, t h e  f r i c t i o n a l  effects are d i f f e r e n t  f o r  t h e s e  t w o  
t y p e s  of fiber s h e l l s .  E q u a t i o n  22 g i v e s  t h e  i n c r e m e n t  of 
t e n s i o n  across a s i n g l e  node. L e t  m '  be t h e  number of fibers 
of bo th  families c r o s s i n g  a u n i t  l e n g t h  of meridian curve.  Then 
w e  f i n d  
IEI - < 2f  m '  T s i n @  cscu  
where   t he   equa l i ty  is  t aken  as t h e  n o - s l i p  l i m i t .  I n  a d d i t i o n ,  
c o n t i n u i t y  of fibers r e q u i r e s  
Again i f  t h e  mesh has  no t  s l i pped  loca l ly ,  combin ing  Equa t ions  7 ,  
23,  and  24,  and us ing  Equat ion  8 t o  e v a l u a t e  t h e  d e r i v a t i o n  y i e l d s  
t h e  c o n d i t i o n  
s i n a  < - cosB f n  - 2n (25)  
Taken as an  equa l i ty ,  Equa t ion  25 is  t h e  c o n d i t i o n  f o r  i n c i p i e n t  
s l i p  o f  t h e  l i n k e d  f iber  tube.  It  is i n t e r e s t i n g  t h a t  when t h e  
f r i c t i o n  l i m i t  i s  exceeded  the f i be r  coun t ,  n , appears  as an  
independent  parameter for  t h e  l i n k e d  mesh, b u t  n o t  f o r  t h e  
f ilament-wound  tube. 
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GEOMETRIC  PROPERTIES O F  THE PRESLIP BENDING STATE 
The simplest p r o p e r t y  o f  t h e  preslip s t a t e  of deformation 
is a r e l a t i o n  b e t w e e n  f i l a m e n t  l e n g t h  a n d  c e n t r a l  a n g l e  ( i . e .  
angle   th rough  which   the  f iber tube  is b e n t ) .  By geometry, w e  
h a v e  t h e  r e l a t i o n  fo r  d i f f e r e n t i a l  l e n g t h  a l o n g  a fiber 
U t i l i z i n g  E q u a t i o n  6, w e  f i n d  
v = c -  
1 
r 
Th i s  equa t ion  restates the  a s sumpt ion  t h a t  p l ane  sec t ions  r ema in  
p l ane  unde r  bend ing  de fo rma t ion  o f  t he  o r ig ina l  cy l inde r .  
To app ly  the  fou r  cons t r a in t s  men t ioned  in  the  p reced ing  
s e c t i o n ,  w e  need   t h ree  more g e o m e t r i c a l   p r o p e r t i e s :   f i l a m e n t  
length ,   shape   of   mer id ian   curve ,   and  volume.  Unfor tuna te ly ,  
these p r o p e r t i e s  a r e  a l l  d e t e r m i n a b l e  a s  h y p e r e l l i p t i c  i n t e g r a l s .  
They may be e x p r e s s e d  a s  i n t e g r a l s  o f  J a c o b i a n  e l l i p t i c  f u n c t i o n s  
depending on only t w o  parameters ,  and so are  easy t o  e v a l u a t e  
numer i ca l ly .*   These   i n t eg ra l   fo rmulas   a r e   de r ived   he re .  
Denote t h e  non-dimensional f iber  l e n g t h  as 





" seclj csca = 
*See Reference 4 (Milne-Thomson) for  t a b u l a t i o n s  of Jacob ian  
e l l ip t ic  f u n c t i o n s .  
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From Equat ion 11 w e  f i n d  for  t h e  l e n g t h  of a ha l f - loop  ( x  < x < 1) 2 
1 
-PA 1 4 dx L2 - d (27)  K c  4% - x U x 3  - x)(1 - x)(, - x2) 
X 2 
C 
Changing  var iab les  t o  i n t r o d u c e  t h e  e l l i p t i c  f u n c t i o n s ,  w e  f i n d  
where 
and 
F ( k )  i s  the   comple te  e l l i p t i c  i n t e g r a l  of f i rs t  kind,  and 
2 (1 - c2 x 3 )(1 - x2) 2 - x  
k =  
2 
s n  2  u = s i n  2 4 = (1 - )(x - x21 
If c and x are rega rded   a s  t w o  independent   parameters ,  
2 
a l l  t h e  o t h e r s  i n  E q u a t i o n s  28  and 29 a re  determined thereby (with 
K given by Equation 15) : t h u s  L2 is g iven   by   on ly  two free 
parameters .  
I n  a s imilar  way, t h e  meridian curve can be c a l c u l a t e d .  
Denoting the non-dimensional ax ia l  c o o r d i n a t e  a s  
16 
w e  have dz  dR 
-= -  cots 
Using Equations 10 and 11 
1 z = + -  C 2 
"K dx (30 )  
X 2 d x ( x  - x2)(1 - x)(xs - x )  
I n  terms o f  t h e  v a r i a b l e s  d e f i n e d  i n  E q u a t i o n  29 w e  f i n d  
2 l - c  x 
2 z = 2-  du 
0 
The volume is  c a l c u l a t e d  m o s t  e a s i l y  by e q u a t i n g  s t r a i n  
energy  to  pressure-volume  work.  For a v i r t u a l   d e f o r m a t i o n ,   t h e  
pressure-volume work is 
17 
11111111111111111 
The t o t a l  number of fibers over t h e  l e n g t h  of t h e  tube  i s  n - 




H e r e  V is t h e  volume of t h e   t u b e ,  and L1 is t h e   l e n g t h  of a 
c o m p l e t e   f i b e r   t u r n  (x = 1 t o  x = x t o  x = 1) . Hence t h e  
t u b e  volume is  given by 
2 
0 
N o t e  t h a t  t h i s  f o r m u l a  is  no t  l i m i t e d  t o  t h e  f r i c t i o n - l o a d e d  
s l i p - n e t .  Thus f o r   t h e   f r i c t i o n l e s s   i s o t e n s o i d   t u b e ,  w e  have 
the  formula  
3 
1 2r cp L2 v =  3K 
F o r  t h e  f r i c t i o n - l o a d e d  f i b e r  t u b e ,  t h e  r e s u l t  is n o t  so simple.  
By geometry 
dd = - d r  secp c s c u  
Then  from  Equations 7 , 8, 9,  and 11, w e  have 
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Again convert ing t o  t h e  J a c o b i a n  e l l i p t i c - f u n c t i o n  n o t a t i o n  
de f ined  in  Equa t ion  29,  w e  have 
The p r i n c i p a l  q u a n t i t y  o f  i n t e r e s t  i s  the  appl ied  bending  
moment tha t   p roduces   t he   g iven   de fo rma t ion .   Th i s  moment is  
r ead i ly  fo rmula t ed  f r o m  t h e  f iber t ens ion  and  p res su re  load ing  
on a g iven  mer id i an  p l ane ,  r ep resen t ing  the  end of our deformed 
c y l i n d e r .  However, it is simpler   and,   as  it t u r n s   o u t ,   n u m e r i c a l l y  
more a c c u r a t e ,  t o  app ly   t he   ene rgy   p r inc ip l e .  T h i s  method is  
v a l i d  f o r  t h e  p r e s l i p  c o n d i t i o n ,  b u t  d o e s  n o t  a c c o u n t  f o r  f r i c -  
t i ona l  ene rgy  loss dur ing  t h e  pos t s l ip  phase .  Equa t ing  the  work 
done by the appl ied moment to  the  pressure-volume work done on 
t h e  p r e s s u r i z i n g  g a s * ,  w e  have 
*The fibers have been regarded as  inextensible  and thus do n o t  
absorb any of  the energy.  
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ASYMPTOTIC SOLUTION FOR SMALL DEFORMATION 
The f o r m u l a s  d e r i v e d  i n  t h e  f o r e g o i n g  s e c t i o n  c o n s t i t u t e  a 
non-l inear   theory fo r  large deformations.  However, no expl ic i t  
s o l u t i o n s  are o b t a i n e d ,  b u t  i n s t e a d  a t e d i o u s  i t e r a t i o n  p r o c e -  
d u r e  i n v o l v i n g  n u m e r i c a l ,  a n a l o g ,  o r  g r a p h i c a l  i n t e g r a t i o n  is 
requ i r ed  for  s o l u t i o n .  To o b t a i n  s i m p l e  a n a l y t i c a l  r e s u l t s ,  w e  
t u r n  t o  t h e  method of series e x p a n s i o n  t o  g e n e r a t e  a n  e x p l i c i t  
s o l u t i o n   v a l i d  for  sma l l   de fo rma t ions .   Numer ica l   r e su l t s   fo r  
la rge  deformat ions  are p r e s e n t e d  i n  a l a t e r  s e c t i o n .  
From t h e  d e f i n i t i o n  of K , t h e  i n i t i a l  undeformed cylinder 
corresponds to  K + m  (rl  + m ) .  Thus, w e  see tha t  an  expans ion  
i n  powers  of 1 / K  is appropr i a t e .  W e  s h a l l  l a te r  r e p l a c e  K 
as  expans ion  va r i ab le  by  the  more usefu l  bending  moment, M . 
S i n c e  a l l  t h e  i n t e g r a l s  o f  t h e  p r e c e d i n g  s e c t i o n  i n v o l v e  the 
r o o t s ,  x and x l e t  u s  f i r s t  s e e k  a n  e x p a n s i o n  f o r  t h e s e  
r o o t s .  From Equation 12 w e  see t h a t  a r a d i c a l  m u s t  be expanded, 
a s  fo l lows :  
2 3 '  
1 
160c 
4 2 2  
8 
- + ... 
K ( 1 - C )  
S u b s t i t u t i n g  t h i s  e x p a n s i o n  i n  E q u a t i o n  1 2  y i e l d s  
2 4c  16c 80c 
4 6 
K + 4  + . . . (36) K K 
1 4c 16c 2 4 80c 6 x = -  
3 
- -  
2 K  2 + V - K ( l - c )  4 2 C 
+ 0 . .  (37) 
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Now, s i n c e  x x 1 , from  Equation  36 w e  f i n d  
2 .- 
1 
1 - x = O ( x )  
so t h a t   o u r   f u n c t i o n s   o f  x can be expanded i n  powers  of (1 - x) 
as w e l l  a s  powers  of ( l / K )  . Thus, f o r  example, 
-+ -% 1 3 2 5 3 
x = c1 - (1  - x ) ]  = 1 + 2'1 - x) + g(1 - x) + E(1 - x) 
and the   t e rms  i n  (x3 - 1) are   expandable   us ing   the  series of 
Equation 37. 
L e t  u s  now e v a l u a t e  z(x2)  , which is  needed t o  e s t a b l i s h  t h e  
c o n d i t i o n  f o r  a c losed-loop  meridian curve. Equation 30 can  be 
rewritten i n  terms of two i n t e g r a l s  a s  
where 
2 1 z ( x 2 )  = +$L - c I1 - 7 I2 
I 1  
- x  
I, = dx 
I 






To e v a l u a t e  these i n t e g r a l s ,  w e  make use  of series expansions 
of the type   g iven   in   Equat ions  38 and 39, t h u s  o b t a i n i n g  for  I , 
the series o f  i n t e g r a l s  
I W 
J j = O  
where t h e  A are c o n s t a n t s  t o  be given  below. 
/ < \  j 
The i n t e g r a l s ,  
I"' , are e v a l u a t e d   e a s i l y ;  make the s u b s t i t u t i o n  
2 
s i n  6 = 
x - x  
2 
2 1 - x  
1 
Then I (1 - x) ]  d x  = 2(1 - x2)1 {'Eos'J $ d $ 
X 2 0 
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S i m i l a r l y  
By c a r r y i n g  o u t  t h e  series e x p a n s i o n s  f o r  t h e  i n t e g r a n d s  i n  
Equations 41 and  42 as discussed  above,   the  A are found as 
t h e   f o l l o w i n g  series, which make the   expans ions   fo r  I1 and I2 
a c c u r a t e   a t   l e a s t  t o  o r d e r  ( l / K 4 )  . 
j 
A. = 1 
A ='[I- 4c 4 
1 2  K ( 1 - C )  2 2 + ...I 
6 2 
3 c 3c - 1  
A2 K ( 1 - c )  
2 2 3  




- + ... 
The c o n d i t i o n  f o r  a closed-loop meridian curve i s  z(x2). = 0 ,  
or  from Equation 40 
To e v a l u a t e  t h e  c o n d i t i o n s  r e q u i r e d  b y  t h i s  e q u a t i o n ,  t h e  terms 
(1 - x2) j must be expanded i n  powers  of ( 1 / K )  . W e  o b t a i n  
23 
2 4 6 
25 - 9 3 ~  + 1 2 7 ~  - 7 5 ~  + 3 2 3/2 + ... 
LEK (1 - C ) 
2 4 2 4 6 
15  - 4 2 ~  + 4 3 ~  175 - 7 0 5 ~  + 1 0 0 5 ~  - 8 9 1 ~  + 2 2 3 2 3/2 + 
4K (1 - C ) 16K (1 - c ) 
2 2 4 2 4 6 75 - 3 3 2 ~  + 4 9 7 ~  - 5 9 1 ~  3 - 1 0 ~  + 1 5 ~  + 1 - 3c 
2 . 4 7  + 
2 2 3 2 3/2 + ... = 0 
2K (1 - c ) 16K (1 - c ) 
S o l v i n g  f o r  
2 
c f rom  the   l ead ing  term 
2 1 3 - 1 0 ~  + 1 5 ~  75  - 3 3 2 ~  + 4 9 7 ~  - 5 9 1 ~  2 4 2 4 6 
24K (1 - c ) 
c = -  + + 3 2 2 ~~ ~~ + ... (49)  
2 
Th i s   equa t ion   can  be s o l v e d   f o r  c as an   expans ion   in  ( 1 / K )  by 
i t e r a t i o n :  t h u s  f r o m  t h e  f irst  t e r m  
24 
S u b s t i t u t i n g  t h i s  r e s u l t  i n t o  t h e  l e a d i n g  t w o  terms o n  t h e  r i g h t  
s i d e  of Equat ion  49 .  y ie lds  
c 2 e -  1 + ($'2 1 
3 -4- ... K 
S u b s t i t u t i n g  t h i s  i n t o  t h e  l e a d i n g  t h r e e  terms o n  t h e  r i g h t  of 
Equation 49 
2  3/2 11 1 
- 3  
2 
The l e a d i n g  t e r m  i n   Equa t ion  50, c = 1/3 , is  i d e n t i f i e d  
a s  t h e  s o l u t i o n  f o r  t h e  c i r c u l a r  c y l i n d e r ,  w h i c h  is  the  undeformed 
i n i t i a l  s ta te .  The   s econd   t e rm,   t hen ,   r ep resen t s   t he   f i r s t   o rde r  
effect   of   bending.   The  inverse  of   Equat ion 50 is  
3/2 11 3 9/2 2 1; K = ($) ( c  - $) - -( 144 2 ) ( 2  - +) + ... 
W e  a r e  now i n  a p o s i t i o n  t o  e v a l u a t e  all t h e  p r o p e r t i e s  o f  
t h e  d e f o r m e d  s t a t e  by series expansion.   The  f i lament   length for  
a h a l f - t u r n  is  given by Equation 27 .  Car ry ing  out  the  expans ion  
o f  t h e  i n t e g r a n d  y i e l d s  
Subs t i t u t ing   t he   above   expans ions  for c , x2 , and x , w e  f i n d  3 
1 + ... ] 
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W i t h  t h i s  r e s u l t  w e  f i n d  
.e 1 r = - - -  
1 L  
 n + ...I 
and from Equation 26 
23 1 
K 32 K 2  
+ ... ] (53) 
The  volume is  eva lua ted  i n  a s imilar  way,  beginning with 
Equation  33.  Expanding  the  integrand as above, w e  f i n d  
4 
w h e r e   t h e   e r r o r  term is  o f   o r d e r  ( 1 / K  ) . Note t h a t  t h e  c o e f f i -  
c i e n t   o f  I has   been   eva lua ted  a t  c = 1/3 , x, = 3 . ( 2 )  2 
3 
S u b s t i t u t i n g   f o r   t h e  1") f rom  Equat ion  43  and  carrying  out  
the  remain ing  expans ions ,  w e  f i n d  
3 
1 v =  2 + ." 
3 K  
2 2K 1 ( 5 4 )  
Now, mul t ip ly ing  the  expans ions  in  Equa t ions  53 and 54 produces 
2 3  
2n r 181 1 + . . .] 
26 
However, r i s  no t   cons t an t   du r ing   bend ing ;   subs t i t u t ing   f rom 
Equat ion 52 y i e l d s  
1 
Note t h a t  t h e  f irst  term is j u s t  t h e  volume o f  t h e  undeformed 
c y l i n d e r .  
The appl ied  bending  moment can be found from Equation 35. 
TO f i r s t  o r d e r ,  M o c c p  and p % Constant.  Hence 
Subs t i tu t ing  f rom Equat ion  53 and  55, w e  f i nd  the  bend ing-  
s t i f f n e s s  f o r m u l a  for  small de fo rma t ions  in  terms o f  t h e  t u b e  
d iameter ,  d , and  length ,  b , o f   t h e   i n i t i a l l y  undeformed 
c y l i n d e r  
” - 37 (2) 
’ 0  vO 3 2 G n  
(57) 
F i n a l l y   t h e   s l i p   c o n d i t i o n ,  F = F given  by  Equat ion 2 0  l i m  ’ 
can be eva lua ted  more s imply fo r  small  de fo rma t ions .  Subs t i t u t ing  
o u r   e x p a n s i o n s   f o r  c and x , w e  f i n d  2 3 
The   func t ion  [(l - x) (x - x2)]  h a s  i ts  maximum a t  ?=5 
27 
The va lue  of t h i s  maximum is  
The i n c i p i e n t - s l i p  c o n d i t i o n  is 
Equation 58 for  small f ( l a r g e  K ) 
F'Flim = 1 : t h u s  w e  f ind  f rom 
S u b s t i t u t i n g  t h i s  r e s u l t  i n t o  E q u a t i o n  53, w e  f i n d  f o r  t h e  b e n d i n g  
a n g l e  f o r  i n c i p i e n t  s l i p  
and fo r  the bending moment 
3 37 
f p L 2 =  f p d3 (61) 
3 84p 
A l l  t h e s e  f o r m u l a s  may be regarded a s  t h e  l e a d i n g  term i n  a series 
e x p a n s i o n   i n   p o w e r s   o f   t h e   f r i c t i o n   c o e f f i c i e n t ,  f . From t h i s  
p o i n t  of view, a va lue  of about 1/2 is  a s  l a r g e  a s  may be 
allowed for  v a l i d i t y  o f  t h e s e  f o r m u l a s  f o r  i n c i p i e n t  s l i p .  The 
corresponding  bending  angle  i s  CP = 30° . I t  is  i n t e r e s t i n g  t o  
n o t e  t h a t  s l i p  f i r s t  occurs  a t  t h e  mean r a d i u s  ( f o r  s m a l l  f ) ,  
forming an annulus  over  which the geometr ic  mesh c o n s t r a i n t ,  
Equation 6, no longer  holds .  
2 
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SLIP CONDITION FOR A THREE-FIBER FILAMENT-WOUND CYLINDER 
The f o r e g o i n g  a n a l y s i s  t r e a t e d  t h e  case of a two-f iber  pres-  
s u r e  v e s s e l ,  for which bending deformation was allowed by kine- 
matic shear  of  the  e lementary  mesh p a t t e r n ,  t h e  s t i f f n e s s  b e i n g  
provided  by  pressure-volume  work. If i n  a d d i t i o n  t o  t h e s e  two 
h e l i c a l l y  wound fibers, a t h i r d  f a m i l y  o f  p a r a l l e l  circles is 
a d d e d ,  t h e  f i b e r  p a t t e r n  becomes a s t r u c t u r e  (so long as start- 
i n g  f r i c t i o n  is not exceeded) which w i l l  n o t  deform i f  t h e  f i b e r s  
are i n e x t e n s i b l e .  The p r e s s u r e  now s e r v e s  t o  p r e v e n t  b u c k l i n g .  
W e  now resort t o  membrane theo ry  t o  calculate t h e  stress 
r e s u l t a n t s ,  since t h e  s h a p e  o f  t h e  t h r e e - f i b e r  c y l i n d r i c a l  s h e l l  
is known a p r i o r i .  From Flugge  (Ref. 5)  t h e   s o l u t i o n   o f   t h e  
e q u i l i b r i u m  e q u a t i o n s  f o r  a circular c y l i n d e r  i s  
N 
CP 
N = pa 
CP 
By symmetry  of t h e  prob.lem, we se t  [N 1 = [NZ1 I o r  
z=b z=O 




Note t h a t  N cons t an t   imp l i e s   t o r s ion .  Hence we set  
ZSD 
Now cons ide r   t he   t ens ion  i n  t h e   f i b e r s .   L e t  n '  be t h e  
number o f  f i b e r s  p e r  u n i t  l e n g t h ,  a l o n g  z , o f   t h e   p a r a l l e l -  
circle f i b e r s ,  and n '  and n '   t hose   o f   t he  l e f t -  and   r igh t -  
running   he l ica l ly   wrapped  fibers. For a symmetric p a t t e r n ,  
n '  = n '  . Then  from the  geometry  of  the mesh p a t t e r n ,  we have 
the   fo l lowing   l oca l   equ i l ib r ium  cond i t ions .   Fo r   equ i l ib r ium i n  












2n'  T cos? = N t a n g  
R R  z 
and i n  t h e  d i r e c t i o n  n o r m a l  t o  TR 
n '  T cosF = N COST - N s i n p   t a n p  c c  cp z 
30 
I " 
A l s o  by  symmetry, TL = TR Note t h a t  p as   used   here  i s  t h e  
- 
complement  of fl as used i n   t h e   p r e c e d i n g   t w o - f i b e r   a n a l y s i s ,  
because the  coord ina te  sys t em is d e f i n e d  d i f f e r e n t l y .  
Now l e t  us  r e q u i r e  t h a t  t h e  t e n s i l e  stress r e s u l t a n t  i n  t h e  
s h e l l  v a r y  as c o s i n e  cp : then  f rom overa l l  equi l ibr ium of  the  
c y l i n d r i c a l  s h e l l  
N = pa 
ep 
1 
NZ - z - pa + B coscp 
where B is  a c o n s t a n t  t o  be determined  f rom  the  appl ied moment. 
Then t h e  f i b e r  t e n s i o n  is 
1 n '  T = n '  T = - pa secp t a n F  + - t a n p  sets coscp B 
L L  R R  4 2 
1 2 -  2 -  
c c  2 n '  T = pa (1 - - t a n  p )  - B t a n  p COST 
The f r i c t i o n a l  f o r c e  on t h e  f i b e r s  is determined readi ly .  
S i n c e  t h e  t h r e e - f i b e r  w i n d i n g  p a t t e r n  i s  undeformed i n  the pre- 
s l i p  l o a d i n g  c o n d i t i o n ,  t h e  fibers have no geodesic curvature.  
As a r e s u l t ,  t h e  f r i c t i o n a l  f o r c e s  a r e  p a r a l l e l  t o  t h e  f i b e r s .  
They a r e  d e t e r m i n e d  b y  c o n s i d e r i n g  e q u i l i b r i u m  p a r a l l e l  t o  t h e  
f i b e r s :  
o r ,  w i t h  d4 = a csc 3 dcp , we have 
1 dTC 
FC a dcp ' 
-"  1 T ~ R  F - -  L , R  a - s i n F  dep 
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Hence from Equations 69 and 70 
2 - 
n ’ a  
C 
t a n  7 sincp 
B 2 
FR - - - 2 n ’ a  L 
t a n  sincp 
The f r i c t i o n a l  s t a r t i n g  f o r c e  s h o u l d  be p r o p o r t i o n a l  t o  t h e  
normal   force   be tween  over ly ing   f ibers .  An element of   a rea ,  
a(dz)(dcp)  , suppor ts   the   p ressure   load ,   pa  dzdcp , w h i l e  t h e  f i b e r s  
suppor t  a r a d i a l  p r e s s u r e  l o a d ,  T /a) , f o r  t h e  p a r a l l e l  cir- 
cles and T s inE /a )   fo r   each   f ami ly   o f   he l i ca l   f i be r s .   (Th i s  
may be confirmed  by summing the formulas  (65)  and (66)  f o r  t h e  
t e n s i o n s ,  and TL) . The t o t a l  l e n g t h  o f  f i b e r  p e r  u n i t  a r e a  
is j u s t  f o r   t h e   p a r a l l e l  c i rc les  and n; cscF f o r   t h e  
h e l i c e s .  Hence the   normal   force  per u n i t  l e n g t h  s u s t a i n e d  b y  
e a c h   f i b e r  is (TC/a) ,   (TL/a)   s in  p , and (TR/a)  s i n  p . 
Thus f o r  t h e  s t a r t i n g  f r i c t i o n  on the  ou te r ,  r i gh t - runn ing  l aye r ,  
we have 
( %  c 
( %  L 
TC 
n;: 
2 -  2 -  
2 
= f (TR/a )  s in  
+ B coscp s i n g   t a n  p 1 2 -  
(74)  
where we have assumed the hel ical  wrap t o  be outermost.  A s  a 
s p e c i a l  case, p u t   a n 2  = 2 ( o r  c2 = 1/3) .  Then = 0 f o r  
B = 0 , and Equat ion 74 reduces to  the two-f iber  r e s u l t  given by 
Equation 18. For   the   th ree- f iber   mesh ,   Equat ions  73  and 7 4  y i e l d  
TC 
- ” B C S C ~  sincp 
1 
2 l i m  f (- pa + B coscp) 
(75)  
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For small f , B is small also, and so f o r  - 
FR - ( F R ) l i m  
for  t h e  s t a r t i n g - s l i p  c o n d i t i o n  o n  t h e  outer h e l i c a l  fiber layer .  
The bending moment is now ca lcu la ted  f rom the  ax ia l  stress 
re su l t an t  g iven  by  Equa t ion  68: 
2l-r 2Tr 
M = a 2 1  N Z  coscp dcp = a 2 1  (7 1 pa + B coscp)coscp dcp 
C a r r y i n g   o u t   t h e   i n t e g r a t i o n   a n d   s u b s t i t u t i n g   f o r  B from 
Equation 76, w e  f i n d  t h e  l i m i t i n g  b e n d i n g  moment w i t h o u t  f i b e r  
s l i p p a g e  : 
Again  evaluat ing  the  two-f iber  l i m i t  b y  s e t t i n g  sin2p = 2/3 , we 
f ind  tha t  Equa t ion  77  y i e l d s  a value about  t w i c e  t ha t  g iven  by  
Equation  61. The d iscrepancy  is  accounted  for  b y  r e c a l l i n g  t h a t  
Equation 77 was d e r i v e d  f o r  a non-deforming  mesh, a s  r e q u i r e d  f o r  
a th ree- f iber  pa t te rn ,  whereas  Equat ion  6 1  i s  based on a deform- 
ing  two-fiber  mesh,  including  volume  change.  Note  from  Equations 
50 and 53 t h a t  c inc reases   w i th   bend ing ,   co r re spond ing   t o  p 
decreas ing ,  thus  reducing  the  va lue  of  Equat ion  77 i n  t h e  two- 
f i b e r  l i m i t .  W i t h   t h e   t h i r d   f a m i l y   o f   p a r a l l e l - c i r c l e   f i b e r s ,  
t h e  w i n d i n g  a n g l e  o f  t h e  h e l i c a l  f i b e r s  w i l l  have a higher advance 
r a t i o ,  s i n c e  t h e  h e l i c e s  s u p p o r t  t h e  f u l l  p r e s s u r e  l o a d  on the end 
c a p s ,  b u t  n o t  a l o n g  t h e  l e n g t h  o f  t h e  c y l i n d e r .  
- 
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THE POSTSLIP PHASE 
The results of  the small deformat ion  ana lys i s  for  two-f iber  
tubes showed t h a t  f i b e r  s l i p p a g e  o c c u r s  o v e r  an  annu la r  r eg ion  
about  the  mid- rad ius  of  the  deformed tube .  This  annular  s l ip  
r eg ion  i s ,  of  course,  bounded by two regions in  which s l ip  has  
n o t  y e t  o c c u r r e d ,  one a t  the  ou te r  r ad ius  and  one  a t  t h e  i n n e r  
rad ius .   Consequent ly ,   the   equat ions   a l ready   deve loped   for   the  
p r e s l i p  p h a s e  h o l d  l o c a l l y  i n  t h e  two n o - s l i p  r e g i o n s  f o r  t h e  
pos t s l ip   phase .  However, t h e   e q u i l i b r i u m   e q u a t i o n s   f o r   t h e   s l i p  
reg ion  cannot  be r e d u c e d  t o  t h e  same d e g r e e  o f  s i m p l i c i t y  a s  f o r  
t he   no - s l ip   r eg ion .  I n  p a r t i c u l a r ,   t h e   s o l u t i o n   f o r   t h e   s h a p e   o f  
t he  mer id i an  cu rve  invo lves  s imul t aneous  in t eg ra t ion  o f  f i r s t -  
o r d e r   d i f f e r e n t i a l   e q u a t i o n s   f o r  z, p,  and T . These  equat ions 
a re  der ived  readi ly  f rom Equat ion  3 and e i ther  Equat ion  19 f o r  
the  filament-wound tube or  Equat ion 23 f o r  t h e  l i n k e d - f i b e r  tube .  
These  in tegra l  curves  m u s t  s a t i s f y  a p p r o p r i a t e  m a t c h i n g  c o n d i t i o n s  
a t  t h e  j u n c t u r e  w i t h  t h e  n o - s l i p  r e g i o n .  
The resu l t ing  equat ions  for  the  f i lament -wound t u b e  are 
l i s t e d  below: 
dZ 
dR 
” “ cots 
The f o u r t h  unknown, a , i s  obtained by direct  i n t e g r a t i o n  o f  
Equation 4 ,  which  holds  over  bo th  pres l ip  and  pos ts l ip  reg ions .  
The resu l t  i s  
d l -  ~2 -“K (1 - R )  1 2 2 
C O S U  = 
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A set  of  equat ions  very  similar to  Equa t ions  78 through 81 holds  
for t h e  l i n k e d - f i b e r  tube .  
I n  a d d i t i o n  t o  t h e  e q u a t i o n s  g i v e n  a b o v e ,  i n t e g r a l s  f o r  
f i be r  l eng th ,  bend ing  ang le ,  and  tube volume are  formula ted  as 
f o r  t h e  p r e s l i p  b e n d i n g  state.  However, the  energy  method  used 
the re  to  de t e rmine  the  bend ing  moment no longer  appl ies  because 
energy i s  l o s t   i n   f i b e r   s l i p p a g e .   I n s t e a d ,  a d i r e c t   i n t e g r a t i o n  
of  the  moment c o n t r i b u t i o n s  o f  f i b e r  t e n s i o n  a n d  p r e s s u r e  c a n  be 
used: 
"(*)= dR 2(1 - R )  [ 1 ( ) s i n g   t a n 8  
prl T1 
R s i n a  - .I 
TO assess the  q u a l i t a t i v e  e f f e c t s  of f i b e r  s l i p p a g e ,  c o n s i d e r  
the case o f  f r i c t i o n l e s s  f i b e r s .  I n  t h e  l i m i t ,  f -0 , Equation 
80 y i e l d s  T = T and  Equation 79 y i e l d s  R s i n s  = cons tan t .  
These a r e  j u s t  t h e   c o n d i t i o n s   f o r   i s o t e n s o i d  f iber shells. I n  
Reference 1 it w a s  shown t h a t  t h e  i n t e g r a l s  f o r  the meridian curve,  
z (R)  , f i b e r  l e n g t h ,  L , ang le ,  cp , and  volume, V , could be eva l -  
u a t e d  f o r  t h e  i s o t e n s o i d  shell  i n  terms of e l l i p t i c  i n t e g r a l s .  
For  a t o rus ,  each  of t h e s e  e l l i p t i c - i n t e g r a l  e x p r e s s i o n s  c a n  be 
expanded in a series of powers of the modulus, k , given by 
1 '  
l - x  
l - x  
k2 = 2 
3 
where x  and x are r o o t s   o f   s i n a  = 0 , given  by  an  equation 
s i m i l a r  t o  E q u a t i o n  12. The development  of these series expan- 
s i o n s  is  q u i t e  similar t o  t h a t  c a r r i e d  o u t  i n  a p rev ious  sec t ion .  
The p e r t i n e n t  resu l t s  are as fol lows:  
2 3 
X = l - k  - A k 6 - -  k8-- 
2 8 16 1024 
57 k l o  + ... 
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1 
4 1 2  8 
--)k Tr 2 + y k  1 4 + -  101 k6 + 
256 " (  
1 
2 3  
v2 64 fi 
n r  
- 1 k6 +: k8 + 215 k10 + . . . I  
L2 4  4 256 k6 + ...I 
256 
=ze 1 4  + -  
The c o n s t a n t ,  r i s  no t  i nva r i an t  w i th  de fo rma t ion  o f  t he  t u b e .  
E l imina t ing  it i n  f a v o r  of t h e  i n v a r i a n t ,  = L r , we have 
1 '  
&2 2 1  
V 
2 2 7 4  - k + ... "
&2 




- 1 + 2cp + ... 
4n 




which  y ie lds  M 
( P o V o )  = - -  
7 
21-r 2 2  
cp + ... 
It is i n t e r e s t i n g ,  a n d  e x a s p e r a t i n g ,  t h a t  terms 
t h e  series f o r  x w e r e  necessary  t o  r e t a i n  on 2 
t o  o r d e r  k10 i n  
l y  t h e  l e a d i n g  t e r m  
i n  t h e  series for the  bending  moment. For a tube of  d iameter ,  d ,  
l e n g t h  b, 
Thus 
The nega t ive  s ign  in  Equa t ion  84 cor responds  to  a r e s t r a i n i n g  
moment, i m p l y i n g  t h a t  t h e  f r i c t i o n l e s s  f i b e r  t u b e  i s  uns tab le .  
T h i s  f a c t  is  a l s o  c l e a r  from Equation 83 which s t a t e s  t h a t  t h e  
volume of t h e  t u b e  i n c r e a s e s  q u a d r a t i c a l l y  w i t h  b e n d i n g  moment. 
I t  is  now ev iden t  tha t  the two-fiber t u b e  i s  s t a b i l i z e d  o n l y  b y  
f r i c t i o n a l  e f f e c t s .  
F igure  5 shows a p l o t  of Equation 83, t o g e t h e r  w i t h  computed 
p o i n t s  f o r  a t h r e e - f i b e r  f r i c t i o n l e s s  tube  having one meridian- 
wrapped family of  f ibers  ( p  = 0)  and  two symmetric fami l ies  of  
f i b e r s  ( p  = 5 45O). The d e n s i t y  of the meridian-wrapped f ibers  
is fi times tha t  of  each  of  the skewed f i b e r s ,  t o  s a t i s f y  e q u i l -  
ibrium w i t h  t h e  p r e s s u r e  on the  endcaps.  The c a l c u l a t i o n s  f o r  
t h e  t h r e e - f i b e r  t u b e  w e r e  c a r r i e d  o u t  i n  t h e  manner d e s c r i b e d  i n  
Reference 6. From t h e  f i g u r e  it would seem t h a t  t h e  t h i r d  f iber 
has  no s i g n i f i c a n t  e f f e c t  on t h e  s t a b i l i t y  o f  t h e  f r i c t i o n l e s s  
t u b e ,  a t  l e a s t  f o r  t h e  f i b e r  a n g l e  c h o s e n .  The s t a b i l i z i n g  effect  
o f  t h e  t h i r d  f i b e r  t h a t  w a s  observed experimental ly  in  Reference 3 
is a s s o c i a t e d  w i t h  a "p inch  effect"  i n  w h i c h  t h e  b e n t  t u b e  d e p a r t s  
f rom  to ro ida l  symmetry.  The present   ana lys i s ,   however ,   does   no t  
a c c o u n t  f o r  t h i s  mode of  deformation.  
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From t h e s e  r e s u l t s ,  we c o n c l u d e  t h a t  t h e  stable bending condi- 
t i o n s  d e r i v e d  f o r  small de fo rma t ions  in  a p r e v i o u s  s e c t i o n  come 
a b o u t  s o l e l y  due t o  f r i c t i o n ,  and when t h e  f r i c t i o n a l  limits a r e  
exceeded ,  s ign i f i can t  r educ t ion  o f  t he  bend ing  moment can occur. 
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NUMERICAL RESULTS FOR THE TWC,--*FIBER TUBE 
I n  a d d i t i o n  t o  t h e  s m a l l - d e f o r m a t i o n  a n a l y s i s  c a r r i e d  o u t  
p rev ious ly ,  numer i ca l  results have  been  obta ined  for  la rge  
deformations by solving the complete  equat ions developed in  an 
earlier s e c t i o n  b y  f i n i t e  d i f f e r e n c e s .  The numerical i n t e g r a t i o n  
procedure used w a s  the fourth order Runge-Kutta scheme, and the 
c a l c u l a t i o n s  w e r e  c a r r i e d  o u t  u s i n g  a n  IBM 7094 d i g i t a l  computer. 
The numerical  r e s u l t s  w e r e  found t o  be q u i t e  s e n s i t i v e  t o  s t e p  
s i z e ,  as de termined  by  compar ison  wi th  the  ana ly t ica l  r e su l t s  f o r  
l a r g e  K and c near  l /fi . S a t i s f a c t o r y   a c c u r a c y  w a s  
ob ta ined  by  use of 100 s t eps  ove r  t he  r ange ,  0 5 4 C - , where 
I) is defined  by  Equat ion 29 f o r   t h e   p r e s l i p   c o n d i t i o n .  With 
t h i s  c h o i c e  t h e  m e r i d i a n  c u r v e ,  Z ( R )  , i s  a c c u r a t e  t o  s i x  s i g -  
n i f i can t   f i gu res .   Th i s   deg ree   o f   accu racy  on Z r e s u l t e d   i n  
only 3 o r  4 f igu re   accu racy  on the   va lue   o f  K r e q u i r e d   f o r  a 
c losed- loop  torus .  
'IT 
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Torus   so lu t ions  w e r e  found as  follow:;.  Meridian  curves  were 
genera ted   by   in tegra t ing   f rom a = 0 ( R  = 1) t o  a = i-r ( R  = R z )  
f o r   va r ious   va lues   o f  K , w i t h  c f i x e d ,  u n t i l  two values  of K 
a re   de te rmined   for   which  Z 2  has oppos i t e   s ign .  This  i n t e r v a l  of 
K i s  r epea ted ly   ha lved  u n t i l  Z 2  is  reduced  in   magni tude  to   the 
d e s i r e d   v a l u e  (10 ) .  Figure  6 shows t y p i c a l   v a r i a t i o n s  of 
w i t h  K f o r   t h e   n o - s l i p   c o n d i t i o n .  The no-sl ip   curve  has   one  zero,  
y i e l d i n g   t o r u s   c o n d i t i o n s .  The shape  of  the  curve i s  s u c h   t h a t  
i t e r a t i o n  b y  l i n e a r  i n t e r p o l a t i o n  is  exceedingly  s low af te r  bracke t -  
ing  the  root ,  and  does  not  work a t  a l l  b e f o r e  t h e  r o o t  i s  bracke ted .  
On the  o the r  hand ,  t he  in t e rva l -ha lv ing  t echn ique  is  q u i t e  e f f e c t i v e .  
No te   t he   s ens i t i v i ty   o f  K t o   s l i g h t  changes  of Z i n d i c a t e d   i n  




The results of most i n t e r e s t  are the moment-deformation char- 
acterist ics o f  ' t h e  t u b e .  The two s o l i d  c u r v e s  i n  F i g u r e  7 show 
bending moment ve r sus  bend ing  ang le  fo r  t he  no - s l ip  cond i t ion  a s  
obtained by the numerical  integrat ion procedure descr ibed above.  
The dashed  l i ne  deno ted  " l inea r  t heo ry"  results from Equation 57. 
The c u r v e  l a b e l l e d  " a d i a b a t i c "  r e p r e s e n t s  t h e  s i t u a t i o n  i n  w h i c h  
t h e  g a s  i n  the t u b e  i s  compressed without  heat  or  mass t r a n s f e r  
from the  t u b e :  t h e  c u r v e   l a b e l l e d   " i s o b a r i c "   r e p r e s e n t s  t h e  
s i t u a t i o n  i n  which the t u b e  is connec ted  to  a l a r g e  r e s e r v o i r  
so tha t  t he  p re s su re  r ema ins  cons t an t  du r ing  bend ing .  The i so -  
thermal process would produce a cu rve  ly ing  between the i s o b a r i c  
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and  ad iaba t i c  cu rves ,  The bending moment i s  o b s e r v e d  t o  rise al-  
mos t  l i nea r ly  up t o  a va lue  of  0.8 for  the  reduced  bending  angle ,  
cp d/b , followed by a s i g n i f i c a n t l y  r e d u c e d  b e n d i n g  s t i f f n e s s .  
The  knee i n  t h e  c u r v e  is e s p e c i a l l y  e v i d e n t  f o r  t h e  c o n s t a n t -  
p r e s s u r e  case. A f u r t h e r  b r e a k  i n  t h e  c u r v e  w i t h  r e d u c e d  s t i f f -  
ness  would be expected when f i b e r  s l i p p a g e  o c c u r s .  The l inear  
va r i a t ion  ho lds  ove r  a remarkably  la rge  range  of  bending ,  as  can  
be seen  by  taking  an  example.   For a t u b e  w i t h  a length- to-diameter  
r a t i o  o f  f o u r ,  t h e  knee of  the curve corresponds to  a bending angle  
of 3 .2  r ad ians .  I n  o ther  words ,  the  t u b e  can be bent i n t o  a U- 
shape with a l inear bending moment graph. 
From Equation 8 as w e l l  as Equation 80 it i s  s e e n  t h a t  t h e  
maximum va lue  o f  f ibe r  t ens ion  ove r  t he  t u b e  occurs  a t  maximum 
rad ius .  F igu re  8 shows t h e  v a r i a t i o n  o f  t h i s  maximum f i b e r  t en -  
s ion  wi th  bending  angle  for  no  f iber  s l ippage .  Wi th  cons tan t  
p r e s s u r e ,  t h e  t e n s i o n  is seen t o  peak a t  a va lue  about  30 p e r c e n t  
grea te r  than  the  tens ion  in  the  undeformed tube ,  wi th  the  peak  
occur r ing  a t  t he  approx ima te  knee  o f  t he  bend ing  moment curve of  
F igure  7. I n  c o n t r a s t ,  t h e  m a x i m u m  f i b e r  t e n s i o n  i n  t h e  t u b e  
c o n t i n u e s  t o  rise r a p i d l y  w i t h  b e n d i n g  a n g l e  f o r  t h e  a d i a b a t i c  
c a s e ,  owing t o  t h e  s t r o n g l y  i n c r e a s i n g  p r e s s u r e  i n  t h e  t u b e .  
The r e su l t s  d i s c u s s e d  a b o v e  a r e  r e s t r i c t e d  t o  a f i b e r  mesh 
w i t h o u t   s l i p p a g e .   C o n d i t i o n s   f o r   i n c i p i e n t   s l i p p a g e   o f   t h e   f i l a -  
ment-wound t u b e  are  given by Equat ion 20,  which has been evaluated 
us ing   t he  resu l t s  of   the  numerical   in tegrat ion.   These  cond<tions 
a r e  shown i n  F igure  9. C l e a r l y  a f r i c t i o n  c o e f f i c i e n t  o f  u n i t y  
is  s u f f i c i e n t l y  l a r g e  t o  p r e v e n t  s l i p p a g e  o v e r  t h e  f u l l  r a n g e  o f  
bending   angle   cons idered   here .   For   the   l inked-f iber  tube, t h e  
inc ip i en t - s l ip   cond i t ions   a r e   de t e rmined   by   Equa t ion  25. For 
smal l  bending  deformat ion ,  th i s  equat ion  can  be expressed as 
f = & -  V2 m 
where m is t h e  number  of f i b e r s   c r o s s i n g  a meridian  curve  of 
the  tube.  Comparing w i t h  Equation 60 ,  w e  see t h a t  t h e  l i n k e d -  
f i b e r  n e t  is less sub jec t  t o  s l i ppage  than  the  f i l amen t -wound  
s h e l l ,   i f  m 7 & . This  number o f   f i b e r s  w i l l  be g r e a t l y  
exceeded  in  t echn ica l  app l i ca t ions .  
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